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Abstract

An active contour model to surface approximation is presented. It adapts to the model shape to be approximated
with help of local quadratic approximants of the squared distance function. The approach completely avoids the
parametrization problem. The concept is open for inclusion of smoothing operators and shape constraints.
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1. Introduction

Approximating a given surface (in any representation) or an unstructured cloud of points by a B-
spline surface is a widely investigated problem. The main approach uses a least squares formulation with
a regularization term that expresses the fairness of the final result (see, e.g., (Dietz, 1998; Hoschek and
Lasser, 1993; Hoschek and Juttler, 1999)).

The principle is as follows. Lep,, k =1,..., N, be the given data points or samples on a given
model surface. We are looking for an approximating B-spline surface or another parametric surface with
a representation of the form

X(u,v) =Y Bi(u,v)d;. 1)

i=1
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The basis functionsB; (u, v) are usually polynomial, piecewise polynomial or piecewise rational. We
assume that the functior® are given or precomputed from the input; thus weights or knots are already
determined. Then, one estimates the surface param@aiens), k=1, ..., N, of those pointx(uy, v;)

on the approximant which should be close to the corresponding data pginThe approximant is
computed as minimizer of a functional

FZZHX(Mk,Uk)—pkHZ-H»Fs- 2
k

The first part is a quadratic function in the unknown control poitts

n 2
Z X Cutge, vi) — px ||2 = Z |: Z B; (ug, vi)d; — pk:| .
k k i=1
The second parF; in (2) is a smoothing term (see, e.g., (Brunnet et al.)). A frequently used example is
the simplified thin plate energy, a quadratic function in the second partial derivatives,

F, = f / (2, + 2¢, +32,) du . (3)

It is also quadratic in the unknowials and thus the minimization df is the minimization of a quadratic
function and amounts to the solution of a linear system of equations.

It is a difficult task to estimate the parametéus, v). This parameter choice largely effects the result
(see, e.g., (Ma and Kruth, 1995) and the references therein). Therefore, iterative parameter correction
procedures have been suggested (Hoschek and Lasser, 1993). The final approximant should exhibit error
vectorsx(uy, vi) — Pr Which are orthogonal to the approximating surface, v).

A different approach to the approximation of curves and surfaceaating contour models, which
are mainly used in Computer Vision and Image Processing. The origin of this technique is the seminal
paper by Kass et al. (Kass et al., 1988), where a variational formulation of parametric curves, coined
snakes, is presented for detecting contours in images. There are various other applications and a variety
of extensions of the snake model (see, e.g., (Blake and Isard, 1998)).

Instead of a parametric representation of a curve, one may use an implicit form as zero set (level
set) of a bivariate function. The formulation of active contour models via level sets goes back to
Osher and Sethian (1988). Thevel set method (Osher and Fedkiw, 2001; Sethian, 1999) has been
successfully applied to the solution of a variety of problems, e.g. for segmentation and analysis of
medical images (Malladi et al., 1995). There are also several extensions to surfaces. An application
to the surface fitting problem to scattered data sets has been given by Zhao et al. (2000, 2001). In
(Desbrun and Cani-Gascuel, 1998) active implicit surfaces are used for visualization of discrete particles
and morphing of surfaces. Other approaches to surface reconstruction via implicit surfaces define a
signed distance function to the data set and denote the zero isocontour of the signed distance function
as the reconstructed implicit surface (Bajaj et al., 1995; Boissonnat and Cazals, 2000). For the fitting
of algebraic tensor-product spline surfaces to scattered data see, e.g., the recent paper of Juttler and
Felis (2002).

An elegant formulation of curve and surface reconstruction and segmentation problems is the concept
of geodesic active contours (Caselles et al.,, 1997a,1997b; Sapiro, 2001). There, the curve to be
reconstructed, e.g., from a medical image, is found as geodesic in a Riemannian space whose metric is
derived from the input (image). Analogously, surface reconstruction is reformulated as minimal surface
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computation in a Riemannian space. The literature on this highly interesting topic is rapidly increasing.
A good overview of the methods is found in the book by Sapiro (2001).

The implicit function, whose zero set is obtained in the level set method as a representation of
an evolving shape, is in general not the signed distance functionSofBarles et al., 1993). As an
alternative method to the Hamilton—Jacobi equation, Gomes and Faugeras (2000) and Zhao et al. (1996)
introduced a PDE formulation where the implicit representation always remains a distance function. An
analogous concept has been presented by Faugeras and Gomes (2000) for the evolution of objects of
arbitrary dimension and codimension. The distance function preservation has several advantages from
the geometric and numerical point of view (Gomes and Faugeras, 2000; Zhao et al., 1996).

In the present investigation, we assume as input a rather dense cloud of points or even a given surface
representation. We refer to it amodel shape. The first situation arises when we are processing data of
modern 3D scanners, or if we would like to fit a surface to a dense mesh. A sdrfaseinput may
arise when the representation &f is not in the desired parametric representation. For example, we
may have as input an implicit representation or a B-spline surface with a too high degree or too many
knots. Thus, we are also contributing to the problemsptihe conversion, degree reduction and knot
removal (Hoschek and Lasser, 1993; Piegl and Tiller, 1995). Moreover, surfaces derived from a given
surface in various ways might not be in the desired form. A well-known example are offset surfaces
of NURBS surfaces, which are usually not NURBS surfaces themselves. The present approach is very
well suited foroffset surface approximation (Maekawa, 1999). The topics of degree reduction and offset
approximation within our framework of active B-spline approximation have been addressed in (Pottmann
et al., 2002b).

Our method is an active contour model in the sense that an initial shape, e.g., a B-spline surface with
a regularly arranged set of control points, is iteratively deformed so that it better approximates the given
model shape. This is done with help of local quadratic approximants of the squared distance ffction
to the model shape. The local approximants help to move the active sutfaag to lower levels of7?,
without having to specify which point(«, v) should move to which point of the model shape. Thus, we
are avoiding the parametrization problem.

The shrink wrapping algorithm presented by Kobbelt et al. (1999) takes a similar approach to the
approximation of polygonal surfaces by subdivision surfaces. A coarse base mesh is refined step by step
such that the finer levels adapt to the shape of the target surface. The flow of the active subdivision surface
is not guided by the distance function to the target shape, however, but a projection method is used to
find point-point correspondences.

The organization of our paper is as follows. In Section 2, we review our recent work on local quadratic
approximants of the squared distance funciBrto curves and surfaces (Pottmann and Hofer), since
it is a basic building block for the new approximation technique. In Section 3, the new concept for
approximation is outlined. It is illustrated at hand of examples in Section 4. There, we also show that
problems which are rather complicated in the traditional approach may become much simpler within
the new framework. This is demonstrated with the approximation of a given surface or point cloud by a
ruled surface, a problem which appears in wire electric discharge machining (EDM) and peripheral NC
machining with a cylindrical cutter (Chen and Pottmann, 1999; Hoschek and Schwanecke, 1998; Lee
and Koc, 1998). Finally, in Section 5, we describe possible extensions and indicate directions for future
research.
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2. Local quadratic approximants of the squared distance function to curves and surfaces

The algorithmic concept we are proposing heavily relies on local quadratic approximants to the
squared distance function of the surfag@r point cloud to which we would like to fit a B-spline surface.

Let us first consider the distance function to a curve or surfacehich assigns to each poiptof the
embedding space the shortest distangetofd . A variety of contributions deals with the computation of
this function; in many cases this computation aims towards the singular set of the function, i.e., towards
points where the function is not smooth since those points lie on the medial axis (or skeleton) of the input
shape.

Early work on the geometry of the distance function comes from the classical geometric literature of
the 19th century. One looks at its graph surface, which consists of developable surfaces of constant
slope and applies results of classical differential geometry, line and sphere geometry (for a modern
presentation, see, e.g., (Pottmann and Wallner, 2001)). Recent work on the closely related medial axis
transform comes from Choi et al. (1997a, 1997b), especially the decomposition result for the efficient
computation, which also appears in Kimmel et al. (1995). Also in a discrete setting (pixel plane, voxel
space), distance transforms and the skeleton received a lot of attention (see, e.g., (Nikolaidis and Pitas,
2001; Serra, 1982; Serra and Soille, 1994; Toriwaki and Yokoi, 1981)).

The distance function is also the (viscosity) solution of the so-called eikonal equation. Its numerical
computation is not trivial because it is a hyperbolic equation and an initially smooth front may develop
singularities (shocks) as it propagates. Precisely the latter belong to the medial axis and are of particular
interest. The computation of viscosity solutions with the level set method of Osher and Sethian (Osher
and Fedkiw, 2001; Osher and Sethian, 1988) proved to be a very powerful approach (see, e.g., (Sapiro,
2001; Sethian, 1999; Siddiqi et al., 1999)).

For our approach to surface approximation, not the distance function itself bsfuiresd distance
function is important. We are especially interested in local quadratic approximants of that function. For
a derivation and proofs of the following results we refer the reader to (Pottmann and Hofer). For a better
understanding, we first present local quadratic approximants to planar curves and then move to surfaces
and space curves.

2.1. Local quadratic approximants of the squared distance function to a planar curve

In a Euclidean plane, we considerC# curve c(r) with parameterizatior(c1(¢), co(t)). The Frenet
frame at a curve point(z) consists of the unit tangent vecter = ¢/||¢|| and the normal vectog,(z).
The two vectors form a right-handed Cartesian system in the plane.

We are interested in the squared distance funetfowhich assigns to each poiptin = the square of
its shortest distance to the cure@). In the following we give the formula for a local quadratic (Taylor)
approximant of the squared distance function with respect to a local Frenet coordinate system. Note that
the squared distance function is not smooth at points of the medial axis. Thus, we will not compute local
quadratic Taylor approximants for points on the medial axis.

Consider a poinp in = whose coordinates in the Frenet frame at the normal footpgigtare (0, d).
The curvature centéq(zg) at c(zg) has coordinatefl, p). Here, p is the inverse curvature/t and thus
has the same sign as the curvature, which depends on the orientation of the curve.
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In the Frenet frame, the second order Taylor approxinfgnof the squared distance functiai? at
(0, d) is given by

xf + x%. (4)

Fy(x1, x2) = -
For a derivation of this result and a discussion of the different types of the graph siljfater; we
refer the reader to (Pottmann and Hofer).

2.2. Local quadratic approximants of the squared distance function to a surface

Consider an oriented surfasét, v) with a unit normal vector fielah(«, v) = e3(u, v). At each point
s(u, v), we have a local right-handed Cartesian system whose first two vesitaes determine the
principal curvature directions. The latter are not uniquely determined at an umbilical point. There, we can
take any two orthogonal tangent vecteise,. We will refer to the thereby defined frame prgncipal
frame X (u, v). Letk; be the (signed) principal curvature to the principal curvature diregion= 1, 2,
and letp; = 1/k;. Then, the two principal curvature centers at the considered surfacespoiny are
expressed irE ask; = (0, 0, p;). The quadratic approximaif, to 42 at (0, 0, d) is the following.

Proposition 1. The second order Taylor approximant of the squared distance function to a surface at a
point p isexpressed in the principal frame at the normal footpoint via
2

d
Fd(xl,xz’XB) = d—plxl + d—pz

x5 +x35. (5)

Let us look at two important special cases.

e Ford =0 we obtain
Fy(x1, X2, X3) = X3.

This means that the second order approximani’tat a surface poinp is the same for the surface
@ and for itstangent plane atp. Thus, if we are close to the surface, the squared distance function to
the tangent plane at the closest point to the surface is a very good approximant. At least at first sight
it is surprising that the tangent plane, which is just a first order approximant, yields a second order
approximant when we are considering the squared distance fuagtiomsurface and tangent plane,
respectively.

e Ford = oo we obtain

Foo(x1, X2, x3) = x§ + x5 + x5
This is the squared distance to the footpoint on the surface.
We see that distances to normal footpoints are just good if we are in the ‘far field’ of the sdrfdone

the near field it is much better to use other local quadratic approximants. The simplest one is the squared
distance to the tangent plane at the normal footpoint.
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Remark 2. The Taylor approximants may be indefinite. As shown in (Pottmann and Hofer) we can use
as appropriate nonnegative quadratic approximants

xf + x% + x%, (6)

FJ(Xl,xz,x3)=d+p
1

whered, pi, p, are taken as positive. Points beyond the principal curvature centers are ruled out, but they
do not arise anyway when we consider global distances.

2.3. Local quadratic approximants of the squared distance function to a space curve

In case that boundary curves of surfaces are involved, it is also useful to know about the fdAction
for a space curve.

Given a pointp in R3, the shortest distance taG space curve(r) occurs along a normal of the curve
or at a boundary point of it. The latter case is trivial and thus we exclude it. At the normal foatpgjnt
we form a Cartesian system witq as tangent vector ang in direction of the vectop — c(zp). This
canonical frame can be viewed as limit case of the principal frame for surfaces, when interpreting the
curve as pipe surface with vanishing radius. By this limit process, we can also show the following result.

Proposition 3. The second order Taylor approximant of the squared distance function to a space curve
c(r) at apoint p is expressed in the canonical frame X' at the normal footpoint via

d
Fy(x1, x2, x3) = d—xf + x% + x%. )
—p1
Here, (0,0, p;) are the coordinates (in X') of the intersection point of the curvature axis of c(¢) at the
footpoint c(zp) with the perpendicular line pc(zg) from p to c(z).

3. Approximation with an active surface in the ‘squared distance field’

Our approach to surface approximation has as input a model gfiaphis can be a sufficiently dense
point cloud or a surface in any mathematical representation. From the model shape, we compute—for
example with help of second order Taylor approximants—Ilocal quadratic approximants of the squared
distance functioni? to the model shap#/. Thus, for any poinp € R3, we have a way to compute such
a local quadratic approximart; ,. In order to apply Eq. (5) or (6) we need to compute the closest point
to p on M, and the principal curvature directions and principal curvatures in this surface point. Since
finding the foot-point of on the target surfac# is a rather time-consuming task, our algorithm can be
speeded up considerably by pre-computing the local quadratic approximattsour very recent paper
(Pottmann et al., 2003) the space surroundifgs partitioned in an appropriate octree cell structure with
smaller cells in the near field and larger cells in the far field&fEach cellC carries a (nonnegative)
quadratic functionF,  and for each poinp inside C we defineF, , = F; ¢. The fast computation of
the functionsF, ¢ in (Pottmann et al., 2003) is based on the evaluation of the distance functi#n of
on a hierarchical grid. Here we used a variant of Zhao's sweeping algorithm (Zhao, t.a.) which is an
improvement of the Fast Marching Method introduced by Sethian (1999). Example 4 in Section 4 was
calculated with such an underlying octree cell structure. A similar data structure for adaptively sampled
distance fields has been introduced by Frisken et al. (2000).
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In its simplest formulation, the method outlined below assumes that the local quadratic approximants
F, , arenonnegative quadratic functions (cf. Remark 2). In a general coordinate system (applying a
coordinate transformation on the local coordinates used in Section 2) we have

Fyp(X) =X Apx +byX + cp (8)

with a symmetric, positive semidefinite matui.

Theactive surface model we are using shall be of the following nature. It is governeddsyrol points
d;, i=1,...,n,and there is dinear relation which computes from the control point set a larger set of
surface points,, k =1,..., N, or points on a refined model. For example, we may have a B-spline
surface of the form (1), and compute the surface points

Sc = X(ug, vp) = Z B (ug, v)d;,
i=1
for a regular grid of pointsu,, vy) in the parameter domain. Another example is a subdivision surface:
The pointsd; can be the vertices of a coarse level and the pa@ntsan be vertices of a refined model,
after application of a few steps of the subdivision rule (Warren and Weimer, 2001). The set ofspoints
must be large enough to well capture the shape of the active surface. In the following we use the notation

Sk :Lk(dl’ ---,dn) (9)

to express the linear computationgffrom the control pointsl;.

The key idea now is to iteratively change the input control paihtso that the active surface deforms
towards the model shapd. We do not use the gradient flow in the squared distance field but solve in
each step a minimization problem which ensures that we quickly move to lower levels of the fuffction

The method now proceeds in the following steps.

(1) Initialize the active surface and determine the boundary conditions. This requires the computation of
an initial set of control pointsl;, i =1,..., n, the proper treatment of boundaries (such as fixing
vertices of a patch) and the avoidance of model shrinking during the following steps. More details
are described after the outline of the algorithm.

(2) Repeatedly apply the following steps (a)—(c) until the approximation error or change in the
approximation error falls below a user defined threshold. In our examples we have terminated the
algorithm when in a certain iteration the improvement of the mean squared approximation error was
less then (6%. The steps (a)—(c) are:

(a) With the current control pointd;, compute, fork =1, ..., N, the active surface poirg, =
Li(dy,...,d,) and a local quadratic approximaf} s, =: Ff of the squared distance function
to the model shap@/ at the points,. This has to be a nonnegative quadratic functiBfx) >

0, Vx € RS.
(b) Compute displacement vectors i = 1,...,n, for the control pointsd; by minimizing the
function
N
F=) Fj(Ly(di+cy,....d, +Cy)) +AF,. (10)
k=1

Thus, our goal is that the new surface points
S =Li(d1+¢Cy,...,d, +Cp),
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which are linear combinations of the new control poidfs= d; + ¢;, are closer to the model
shape than the old model poirgs The functionalF; is a smoothing functional which shall be
quadratic in the control points of the active surface. Thus it is a quadratic function in the new
control pointsd; + ¢;, and also quadratic in the unknowgs We see that this step requires the
minimization of a quadratic functiof' in the displacement vectocs of the control points. This
amounts to the solution of a linear system of equations.

(c) With ¢; from the previous step, the updated control pointsdare ;.

See Fig. 1 for an illustration of a lower-dimensional example. The model sh&aea curve that
shall be approximated by a B-spline curve. Fig. 1 shows an initial position of the B-spline tirve
with control pointsd;, and the updated B-spline curve, with control poidfs after one iteration step.

In particular, for one of the sample poirgsthe local quadratic approximai; of the squared distance
function is indicated by three of its level sets which are concentric ellipses.

In each iteration step we have to solve a linear system of equations for the unknown displacement
vectorsc;, i = 1,...,n. For the task of B-spline surface approximation we will summarize in more
detail how the linear system for the minimization problem looks like:

The model points, are certain evaluation points of the active B-spline surface, i.e.,

S = Z B d;,

where B; , denotes the B-spline basis functi@n evaluated atuy, vx). The new positiors; of s, after
the current iteration step will be

S = ZBi,k(di +G)=s+ ZB"»"C"‘

dg

Fig. 1. One step in the curve approximation procedure. The dUrveapproximated by a B-spline curve.
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For each of the model points. we have a local quadratic approximaff of the squared distance
function, i.e.,

FYx) =x"Ax+ b x + ¢,

with a symmetric and positive semidefinite matrix.
The quadratic functior¥, Eqg. (10), which shall be minimized in the current iteration step is (without
the smoothing term F;)

F=Y (5T A +b]s +cr)

k
T
3 [(Se) () ¢ 2as 07 () « s o0 5],
k i i i

which is quadratic in the unknown vectars
After collecting all the variables;, i =1, ..., n, into the column vecto€ = (¢, Cy, ..., C,), we can
rewrite above function as

F=CTAC+b'C +c,

with a 37 x 3n-matrix A, a 31 column vectorb, and a scalac. The minimization ofF amounts to the
solution of the linear system

2AC +Db=0.

Let us now look at some details, improvements and refinements which are important for a successful
implementation of the proposed method:

1)

)

®3)

The choice of thenitial shape is not critical, but it must fulfill the following criteria. The initial
surface must possess enough flexibility (e.g., a sufficient number of control points) to represent the
model shape within the required accuracy. Furthermore, the initial shape must already exhibit the
correct topology. A change in topology is not possible with a subdivision surface or parametric
surface. It would be possible if we view the active surface as level set of a trivariate function; this
is the approach taken in the level set method (Sethian, 1999) which has been applied to surface
approximation by Zhao et al. (2000, 2001).

One has to impose appropridieundary conditions. For example, we may want to fix the vertices

of a surface patch or want to approximate boundary curves of the model shape. One way to do this
is to apply the curve analogue of the present method in a first step; then we keep corresponding
control points fixed in the surface approximation procedure. However, it can be possible to reach an
overall better surface quality at some sacrifice of accuracy at the boundary. Then it is better to add
the functional for boundary approximation as a penalty terr @f Eq. (10). We show an example

in Section 4.

In a totally unrestricted flow, the active surface may shrink to a single point of the model surface and
then in a trivial way yield the minimal approximation error zero. Strategieshionking avoidance

depend on the special situation. It can be handled by appropriate boundary conditions which avoid
shrinking. It can also be approached by an appropriate quadratic penalty fuAgtamtded toF' in

Eg. (10). For a closed surface, we can start with an initial shape which lies entirely outside the model
shapeM. The active surface then deflates towards the model shape, if we forbid that it traverses the
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interior. We can define iiR® a trivariate potential functio® (x, y, z), which assumes high values in
the interior of M and small values near the surface and outdidéVe then compute at each control
pointd, a local quadratic approxima@’; of the penalty functiorP and consider the new functional

F*=F+p) 0 di+c.

This will avoid that the control points enter the forbidden region. In a refined version one can use
the model pointss, instead of the control points: Wit@’; as quadratic approximant to the penalty
function ats, one considers the minimization of

F*:F—i—MZQ’;(Lk(dl—l—cl,...,dn—i-Cn)).

In both cases, we add a quadratic function in the unknayasd thus we remain within our principle
of minimizing a quadratic function in each iteration step.

(4) If we have an active B-spline surface or another parametric surface and get modelspdipts
evaluation, it is not necessary to keep the parameter vdlyes;) at which we evaluate fixed.

An adaptive evaluation which guarantees a nearly uniform distribution over the active surface, or
emphasizes especially important regions with help of more model points, will be useful. Moreover,
we can introduce further knots and thus more control points during the algorithm if the desired
accuracy cannot be reached with the coarser model. One sees that the method naturally supports a
multiresultion modeling strategy. For the lower-dimensional case of B-spline curve approximation
there is an excellent paper of Yang et al. (t.a.) which addresses control point insertion and removal
for our active B-spline approximation scheme.

(5) The assumption afonnegativity of the approximants’; of the squared distance function & can
be avoided if the change of control points (and thus model points) is restricted. This can be achieved
by adding a term td” which expresses the distance of the new control points to the old ones, e.g.,
3" |lci |2, It might, however, be difficult to make sure that the corresponding model ikl not
move outside the positive region of their local quadratic approximants.

(6) The smoothing term F; in Eq. (10) is especially important in the first iteration steps. Without this
term the active B-spline surface may develop a bad parametrization or even small loops. In later
iterations—when the active surface is already close to the desired 8fhagbe smoothing term is
less important. Thus the smoothing factois decreased from iteration to iteration.

For F; we can use any quadratic smoothing functional. It may change in each iteration step. Thus,
we can also build Greiner's method for the minimization of nonlinear fairness functionals (Greiner,
1994) into our surface approximation technique.

(7) Further improvements in the parametrization of the active sukace) can be achieved by adding

a weighted functionu F; to F in Eq. (10) where

F, =ff(x5+x§) du dv.

This function is quadratic in the unknowis and its minimization favors a surfacéu, v) whose
isoparametric lines are traced with constant speed.
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4. Examples

In the following we give several examples for the approximation of a given surface by a B-spline
surface. An important special case is the surface approximationléy B-spline surfaces.

4.1. Approximation with B-spline surfaces

Example 1.In the first example, see Fig. 2, left, the initial position of the active B-spline surface patch
(dark gray) is chosen as the bilinear patch connecting the corner vertices of the model surface (light gray).
The active B-spline is of degrg8, 3) with 8 x 6 control points.

The result of our algorithm after only seven iterations is shown in Fig. 2, right. As a boundary
condition, the four vertices of the model patch have been fixed, all the other 44 B-spline control points
have three degrees of freedom. In order to approximate the boundaries of the patch as well, one can first
apply our algorithm just to the boundary curves, using quadratic approximants of the squared distance
function to these space curves. This determines the boundary control points of the B-spline patch. In a
second step the active surface flow towards the model surface is computed while keeping all the boundary
control points fixed, see Fig. 2, right.

The deviations between the model surfadeand the active B-spline surface are declining quickly
from iteration to iteration. Several termination criteria based on average or maximum deviation can be
used. In all our examples presented here we have stopped the algorithm when in a certain iteration step
the improvement of the mean squared error was bel®&0Based on a scaling of the model surface to
a bounding box of unit size 1, a mean squared distance deviatia@®&6.0-° and a maximum squared
distance deviation of.25 x 1077 is reached after 7 iterations.

Fig. 2. Surface approximation by a B-spline patch, fixing the corner vertices. Left: initial position; right: final position after 7
iteration steps—uwith boundary curve approximation.
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Fig. 3. Surface with feature and initial position of approximating B-spline surface.

Fig. 4. Boundary curve approximation, method A.

Example 2.In this example the model surface has a feature across the patch. Again the active B-spline
surface is initialized bilinearly, see Fig. 3. The surface is of deg8e8) and is initialized with 6x 4
control points. We illustrate the two ways of boundary curve approximation mentioned in Section 3.

Method A. As described in Example 1 one may first approximate the boundary curves, and thus
determine the boundary control points of the B-spline surface. The 8 inner control points remain
unchanged (Fig. 4, left). Afterwards all the boundary control points are fixed and only the inner control
points are displaced iteratively, such that the active surface flows closer to the model surface (Fig. 4,
right).

Method B. It is also possible to use a weighted sum of the quadratic functionals for boundary and
surface approximation, respectively. In this way the displacement vectors of all of the control points
(except the fixed patch vertices) are computed simultaneously, see Fig. 5.

Both methods yield similar results. The surface parameter lines in Figs. 4 and 5 are the isoparametric
lines of the active B-spline surface. The feature of the given surface turns out to be modelled
approximately in isoparametric direction.

Remark. The present concept of an active surface under the influence of the squared distance function
of a model surface is also well suited faffset surface approximation, see (Pottmann et al., 2002b). This
is a widely investigated topic, see, e.g., (Hoschek and Lasser, 1993; Maekawa, 1999; Patrikalakis and
Maekawa, 2002) for surveys on offset surfaces.

For a pointp € R3, we have Eqg. (5) to describe a quadratic approximant of the squared distance
function to a surface(u, v), expressed in the principal frangg, e, €3 at the normal footpoint. Let us
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—

Fig. 5. Boundary curve approximation, method B.

considers’'s one-sided offset surfas®(u, v) = s(u, v) +« - €3(u, v) to distancex. In corresponding points

S(u, v) ands*(u, v) the principal directiong;, j = 1, 2, 3, and the two principal curvature centers are the
same. With respect to the principal frame with origirsifu, v) we have coordinatgs= (0, 0,d —«) and

k; = (0,0, p; —a), cf. Section 2.2. The second order Taylor approximant of the squared distance function
to the offset surface*(u, v) at a pointp is expressed in the principal frame at the normal footpoint via

d—a , d—a ,

Fj(x1,x2,Xx3) = x5+ x5, (11)

X
d—pit d—p;

With the quadratic approximant (5) of the squared distance function to a s&faa® it is therefore
simple to derive the corresponding quadratic approximant for its offset sigfacey) to distancex.

4.2. Approximation with ruled surfaces

Example 3. In several applications including CAD, architectural design, wire EDM and NC milling
with a cylindrical cutter one has to solve the following problem: approximate a given surface (or point
cloud) by a ruled surface. With traditional concepts this is a tackling problem (Chen and Pottmann, 1999;
Hoschek and Schwanecke, 1998).

We will illustrate the approach of the present paper at hand of an example ssifac¢ that was
already used as a test surface in (Chen and Pottmann, 1999). Distortion terms have been applied to a
ruled surface to generate this test surfage v), see Fig. 6.

The ruled B-spline surface which shall approximaie, v) is of degree(n, 1) and itsm x 2, m > n,
control points are initially chosen in a regular planar grid, see Fig. 7, left, o8, m = 7. The boundary
rulings of the active surface (dark gray) are initially positioned at some distance to the model surface
s(u, v) (light gray). These boundary rulings are kept fixed in the iterative surface flow. The shape of the
active surface is influenced by the squared distance functistut@) and by the smoothing terrs;.

The final position of the approximating ruled surface is given in Fig. 7, right. Although no special care
has been taken in choosing the fixed boundary rulings appropriately, the generated ruled surface fits well
in the trimmed region of the model surface, see the close-up in Fig. 8.

Note that during the iterative surface flow not all active surface points are in the influence region of

the model surface(u, v): If the closest model point to an active surface point lies on the boundary of
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Fig. 6. Distorted ruled surfacgu, v).

Fig. 7. Surface approximation with ruled surface. Left: initial position of ruled surface (dark gray) and model sgrfage
(light gray). Right: final position of ruled surface after 5 iterations.

s(u, v), this active surface point is classified as outlier and is discarded. This outlier detection has to be
repeated in each iteration step and may be speeded up by threshholding techniques.

4.3. Approximation of a triangulated point cloud

Example 4.In the last example the model surfakgis a triangulated point cloud, see Fig. 9, left. The

data has been obtained by scanning an architectural design, namely a clay model of a tower. In the lower
left part of the model you may note a small gap in the model. This is a local artifact where the laser
based data capturing failed. Topologically the surfa€ds a cylindrical patch. This surface shall be



H. Pottmann, S Leopoldseder / Computer Aided Geometric Design 20 (2003) 343-362 357

Fig. 9. Approximation of a model surface (triangulated point cloud, left) with a closed tensor product B-spline surface (right).

approximated by a B-spline surface which is closed-parameter direction, see Fig. 9, right. The initial
position of the active B-spline surface was chosen as in Fig. 10, left. The B-spline surface is bicubic, i.e.,
degree(3, 3), with 24 x 6 control points.
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Fig. 10. Approximation of a model surface (triangulated point cloud) with a closed tensor product B-spline surface. Left: initial
position of active B-spline. Right: final position of active B-spline after 20 iterations.

As a boundary condition, two planes ande; have been chosen where the closed boundary curves
v = vg andv = v; of the active surface patch are lying in. During the iterative surface approximation
procedure, the control points corresponding to these two boundary curves are only allowed to move
within gg andeq, respectively. This side condition is linear in the unknown displacement vectors of the
control points. All other control points have their full three degrees of freedom. The number of sample
points s, on the active B-spline surface was increased from iteration to iteration, beginning with 500
sample points and ending with 3000.

Although the model surface and its squared distance function are rather complex, the approximation
algorithm converges after only 20 iterations. Fig. 10, left, shows the final result as an overlay of Fig. 9,
left and right. The deviations between the triangulated model and the active B-spline surface are given
in Fig. 11 for each iteration step. The upper diagram shows the mean squared distance deviation (our
method tempts to minimize this quantity in each iteration), the lower diagram gives the maximum squared
distance deviation. The triangulated object is scaled to a bounding box of unit size 1. Then a mean squared
distance deviation of.2 x 10~ and a maximum squared distance deviation.68110~° is reached after
20 iterations.
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Fig. 11. Mean squared error (upper diagram) and maximum squared error (lower diagram) for the surface approximation of
Example 4.

5. Conclusion and future research

We have presented an active contour model for surface approximation which avoids the parametriza-
tion problem. According to the nonlinearity of the surface approximation problem, it is an iterative
method. It solves in each iteration step a linear system of equations, which arises from the minimization
of a quadratic function. The new idea is that in this quadratic function we use local quadratic approxi-
mants of the squared distance function to the model shape which shall be approximated. In the present



360 H. Pottmann, S Leopoldseder / Computer Aided Geometric Design 20 (2003) 343-362

paper, we just outlined the idea and demonstrated its use at hand of some examples. There is a lot of
room for extensions and future research directions. Let us mention a few of them:

e We need more research on the initial choice of the control points of the active B-spline surface.
Furthermore it is important to adjust the number of control points dynamically, i.e., from iteration to
iteration. For the planar curve case this is treated in (Yang et al., t.a.) but the methods presented there
are not directly applicable to surface approximation.

e The concept is applicable tpproximation with subdivision surfaces. One can use an initial shape
as in (Ma and Zhao, 2000), but other choices and an appropriate handling of details require a lot of
future research.

e An interesting extension concerns the incorporatiorst@fpe constraints such as convexity. For
example, we can use the sufficient linear convexity conditions which have been derived by B. Jittler
for surface fitting with convex tensor-product splines (Hoschek and Jittler, 1999; Jittler, 1997). In
our framework, we would then have to solve a quadratic programming problem in each iteration step.

e Another interesting topic is the approximation wébecial surface classes. We have shown this at
hand of ruled surfaces. A further important topic is surface approximatiortraitd ational surfaces.

This has applications in architecture and other areas where a simple generation of the designed
surface is desired for its practical realization.

e The surface parametrization problem is a correspondence problem. One has to find correspondences
between points on the parameter domain and the model shape. Our present approach avoids to deal
with this correspondence. Another correspondence problem redtsration problemin Computer
Vision: Suppose that we have GAD moded from which a workpiece has been produced. This
workpiece has been scanned with some 3D measurement device (laser scanning, light sectioning,
resulting in a3D data point cloud from the surface of this workpiece. Thereby, the CAD model shall
describe the ‘ideal’ shape of the object and will be available in a coordinate system that is different
to that of the 3D data point set. For the goal of shape inspection it is of interest to find the optimal
Euclidean motion (translation and rotation) that aligns, or registers, the point cloud to the CAD
model. This makes it possible to check the given workpiece for manufacturing errors and to visualize
and classify the deviations.

A well-known standard algorithm to solve such a registration problem is the iterative closest
point (ICP) algorithm of Besl and McKay (1992). It defines to each point of the current
position of the data point set a corresponding point, namely the closest point on the model
shape. Then, ICP finds the best match in a least squares sense and iterates this procedure.
However, the correspondences used are usually wrong, which increases the number of iterations.
There are many extensions of this algorithm, see e.g. (Rusinkiewicz and Levoy, 2001), which
still compute corresponding points in some way. Using a motion of the data point set in the
squared distance field with help of local quadratic approximants, avoids the correspondence
problem and appears as promising direction for real time surface inspection (Pottmann et al.,
2002a).

e A broad area for future research is the investigation of algorithms for the solution of other geometric
optimization problems. There, we believe it is important not to use an optimization algorithm as a
black box, but adapt an optimization concept (Newton, quasi-Newton, sequential quadratic program-
ming (Boggs and Tolle, 1995),.) in a geometric way to the special problem.
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